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TOTALLY UMBILICAL SUBMANIFOLDS IN PSEUDO-RIEMANNIAN
SPACE FORMS
YUICHIRO SATO
Abstract. A totally umbilical submanifold in pseudo-Riemannian manifolds is a fundamental
notion, which is characterized by the fact that the second fundamental form to be proportional
to the metric. And, it is also a generalization of a notion of a totally geodesic submanifold.
In this paper, we classify congruent classes of full totally umbilical submanifolds in non-flat
pseudo-Riemannian space forms, and consider its moduli spaces. As a consequence, we obtain
that some moduli spaces of isometric immersions between space forms whose curvatures have
the same constant are non-Hausdorff.
1. Introduction
A totally umbilical submanifold in a (pseudo-)Riemannian manifold is a fundamental notion.
For example, any totally umbilical submanifolds in Euclidean space are round spheres. The def-
inition of a totally umbilical submanifold is for the second fundamental form to be proportional
to the metric on the submanifold. In particular, in the case of Riemannian manifolds, there
exist researches of totally umbilical submanifolds in various ambient spaces [7, 11, 22, 26, 24].
And, the research which characterizes the totally umbilicity exists fruitfully [2, 12, 13, 28].
In case of pseudo-Riemannian manifolds, Ahn, Kim and Kim [1] gave a complete classification
of totally umbilical submanifolds in pseudo-Euclidean spaces, which are flat space forms. For
non-flat cases, there exist some recent researches [9] by Chen. In [9, Proposition 3.7, 3.8], it is
described that: Let φ : Mms → Snp(1) be a totally umbilical isometric immersion. Then, it is
congruent to an open portion of one of the following submanifolds:
• Sms (r2)→ Sm+1s (1) ; x 7→ (x,
√
1− r2) (0 < r ≤ 1),
• Sms (r2)→ Sm+1s+1 (1) ; x 7→ (
√
r2 − 1, x) (r ≥ 1),
•Hms (−r2)→ Sm+1s (1) ; x 7→ (x,
√
1 + r2) (r > 0),
• Ems → Sm+2s+1 (1) ; x 7→
(
r〈x, x〉s + rb− r
4
, rx,
√
1 + br2, r〈x, x〉s − rb+ r
4
)
(r > 0, br2 ≥ −1),
• Ems → Sm+2s+2 (1) ; x 7→
(
r〈x, x〉s + rb− r
4
,
√
br2 − 1, rx, r〈x, x〉s + rb+ r
4
)
(r > 0, br2 ≥ 1).
This classification of totally umbilical submanifolds in Snp(1) is insufficient. Actually, the
following example is not contained in the above list
(1) ψ : Sms (1)→ Sm+2s+1 (1) ; x 7→ (1, x, 1).
It seems that ψ is totally geodesic, but not so. When we compute the mean curvature vector
field H of ψ, we see
(2) H = (1, 0, · · · , 0, 1) ∈ Em+3s+1 .
Thus, the vector field H is not zero but lightlike, that is, non-totally geodesic. Moreover, there
are some observations for this example (see Section 4). It is obvious that the co-dimension
is two and the co-index is one. We remark Dajczer and Fornari in [14] showed that let φ :
S
m
s (1) → Sm+ns (1) be an isometric immesion, then φ is totally geodesic, where m ≥ 2 and
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1 ≤ n ≤ m − s − 1. In addition, Dajczer and Rodriguez in [15] showed the following rigidity
theorem. Let φ : Sms (1) → Sm+2s+1 (1) be an isometric immesion with m − s ≥ 4. If the set of
totally geodesic points does not disconnect Sms (1), then φ is congruent to an isometric immersion
of the following type:
(3) Sms (1) ∋ x 7→ (f(x), x, f(x)) ∈ Sm+2s+1 (1),
where f : Sm(1) → R is a smooth function. For any a ∈ R \ {0}, the following isometric
immersion
(4) ψa : S
m
s (1)→ Sm+2s+1 (1) ; x 7→ (a, x, a)
is congruent to the above ψ = ψ1. Namely, co-dimension two totally umbilical immersions ψa
are in special cases that f is a non-zero constant function regarding the mapping (3). Moreover,
the set of totally geodesic points are empty because of the totally umbilicity.
In this paper, we give a complete classification of totally umbilical submanifolds in pseudo-
spheres or pseudo-hyperbolic spaces, that it, we classify congruent classes of full totally umbilical
submanifolds. Moreover, we consider moduli spaces of totally umbilical submanifolds. As a
consequence, we obtain that some moduli spaces of isometric immersions between space forms
which are of the same constant curvature are non-Hausdorff.
As applications, we obtain some totally umbilical lightlike submanifolds in non-flat pseudo-
Riemannian space forms. Lightlike submanifolds in pseudo-Riemannian manifolds are defined
as the induced metrics are degenerate and their radical distributions have constant rank. See
references [4] and [16] in detail. A classification of totally umbilical lightlike submanifolds in
pseudo-Riemannian space forms is an open problem. At the end of this paper, we give devote to
parallel isometric immersions. As consequence, we see the existence of marginally trapped par-
allel isometric immersions from an indefinite symmetric R-space into a pseudo-sphere or pseudo-
hyperbolic space. A isometric immersion between pseudo-Riemannian manifolds is marginally
trapped if the mean curvature vector field is not zero at arbitrary point, but its norm vanishes
identically. This never occurs in the Riemannian case.
2. Totally umbilical submanifolds in pseudo-Riemannian space forms
Let m and n be positive integers, and let Mm be an m-dimensional manifold, and let M¯np be
an n-dimensional pseudo-Riemannian manifold with index p. We assume that a C∞-mapping
φ :M → M¯ is an immersion. Then, we call φ(M) an immersed submanifold in M¯ . In particular,
when φ is injective, andM is homeomorphic to the image φ(M) as the subspace of M¯ ,M is said
to be an embedded submanifold in M¯ . When we describe manifolds, unless otherwise stated,
Mms denotes an m-dimensional pseudo-Riemannian manifold with index s.
For pseudo-Riemannian manifolds, we remark that the induced metric is not always non-
degenerate on M even if φ is an immersion. When the induced metric is non-degenerate, we call
φ(M) a non-degenerate submanifold, or a pseudo-Riemannian submanifold in M¯np . And, when φ
is an isometric immersion form Mms into M¯
n
p , we also call φ(M) a non-degenerate submanifold
in M¯np .
We call φ an r-lightlike immersion when the induced metric by φ is degenerate, and its radical
distribution has constant rank r > 0, where a radical distribution of M is defined by
(5) RadTM = {X ∈ TM | g(X,Y ) = 0, ∀Y ∈ TM}.
And, when φ is an r-lightlike immersion, we call φ(M) an r-lightlike submanifold in M¯np . Then,
there exists a vector bundle tr(TM) over M such that we obtain a direct sum decomposition of
vector bundles
(6) φ∗TM¯ = TM ⊕ tr(TM),
where tr(TM) is called a transversally vector bundle of M . Note that the above ⊕ does not
express to be a orthogonal direct sum decomposition, and the uniqueness of a transversally
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vector bundle does not satisfy. This decomposition 6 induces a Gauss-type formula
(7) ∇¯XY =
.
∇XY +B(X,Y )
for any X,Y ∈ Γ(TM), and ∇¯ is a Levi–Civita connection of M¯ . We call
.
∇ and B an induced
connection and a second fundamental form with respect to tr(TM) respectively.
We define an n-dimensional singular pseudo-Euclidean space with the signature (p, q, r) as
(8) Ep,q,r :=

Rn, (·, ·) = − p∑
i=1
dx2i +
p+q∑
j=p+1
dx2j +
n∑
k=p+q+1
0dx2k

 ,
where n = p + q + r and (x1, · · · , xn) expresses the canonical coordinates on Rn [27]. We use
the following notations:
• When r = 0, Ep,q,0 is called a pseudo-Euclidean space and we denote it by Enp and the
metric by 〈·, ·〉p.
• When r = 0, p = 1, En1 is called a Minkowski n-space and we denote by Ln.
• When p = r = 0, E0,n,0 = En0 is nothing but an Euclidean space En.
We remark that r ≥ 1 if and only if the metric (·, ·) is degenerate. In the context of isotropic
geometry, the notation E0,n−1,1 would be denoted by In [25].
We define non-flat pseudo-Riemannian space forms with index p as
(9) Snp (r
2) :=
{
x ∈ En+1p | 〈x, x〉p = r2
}
, Hnp (−r2) :=
{
x ∈ En+1p+1 | 〈x, x〉p+1 = −r2
}
,
where r > 0. We call Snp (r
2) and Hnp (−r2) an n-dimensional pseudo-sphere and pseudo-hyperbolic
space respectively. When p = 0, Sn0 (1) and H
n
0 (−1) ∩ {x1 > 0} are simply a standard sphere
S
n(1) and a hyperbolic space Hn(−1) respectively. When p = 1, Sn1 (1) and Hn1 (−1) are called a
de Sitter n-spacetime and an anti-de Sitter n-spacetime, denoted by dSn(1), AdSn(−1).
Let Mms , M¯
n
p be pseudo-Riemannian manifolds, and g, g¯ denote pseudo-Riemannian metrics
of M,M¯ respectively. Let φ : M → M¯ be an isometric immersion, and h,H be the second
fundamental form and mean curvature vector field of φ respectively. φ is called to be totally
geodesic if h identically vanishes. φ is called to be totally umbilical if, for all X,Y ∈ Γ(TM), it
holds
(10) h(X,Y ) = g(X,Y )H.
φ is called to be minimal if H identically vanishes. As an easy observation, we see that φ is
totally geodesic if and only if φ is totally umbilical and minimal. In addition to these notions,
φ is called to be marginally trapped if H 6= 0 and g¯(H,H) = 0. Finally, when an isometric
immersion φ : M → M¯ is totally geodesic, totally umbilical, minimal or marginally trapped,
we call the image φ(M) a totally geodesic, totally umbilical, minimal or marginally trapped
submanifold in M¯ respectively.
Let φ be an r-lightlike immersion. We call it totally geodesic if B = 0, and totally umbilical
if there exists H ∈ tr(TM) such that
(11) B(X,Y ) = g(X,Y )H
for all X,Y ∈ Γ(TM). These notions are independent of the choice of transversally vector
bundles.
For ε = ±1, 0, we define for brevity
(12) Mnp(ε) :=


E
n
p (ε = 0),
S
n
p(1) ⊂ En+1p (ε = 1),
H
n
p (−1) ⊂ En+1p+1 (ε = −1).
The following are well-known results in pseudo-Riemannian geometry.
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Theorem 1 ([3]). Any non-degenerate affine subspace in the pseudo-Euclidean space Enp is a
totally geodesic submanifold. Conversely, any connected totally geodesic submanifold in Enp is
an open subset of a non-degenerate affine subspace.
Remark 2. Let Πms,t,r be a canonical r-lightlike m-plane in E
n
p with signature (s, t, r), i.e.
(13) Πms,t,r := {(z1, · · · , zr, x1, · · · , xs, 0, · · · , 0︸ ︷︷ ︸
p
, 0, · · · , 0, y1, · · · , yt, z1, · · · , zr︸ ︷︷ ︸
n−p
)}.
Then, Πms,t,r is a totally geodesic r-lightlike submanifold in E
m+n
p [4] and isometric to E
s,t,r.
From Theorem 1, arbitrary subspaces V ⊂ Enp are congruent to non-degenerate subspaces
E
m
s , or degenerate subspaces Π
m
s,t,r up to isometry of E
n
p .
We define an n-dimensional lightcone with index p in En+1p+1 as follow
(14) Λnp := {x ∈ En+1p+1 \ {0} | 〈x, x〉p = 0}.
The lightcone Λnp is a totally umbilical 1-lightlike hypersurface in E
n+1
p+1 , that is, the induced
metric on Λnp is degenerate [4].
We recall totally geodesic submanifolds in non-flat pseudo-Riemannian space forms. We define
a pseudo m-subsphere of Snp (r
2) by
(15)
{
(x1, · · · , xs, 0 · · · , 0, xs+1, · · · , xm+1) ∈ Snp(r2)
}
.
Analogically, we define a pseudo-hyperbolic m-subspace of Hnp (−r2) by
(16)
{
(x1, · · · , xs+1, 0 · · · , 0, xs+1, · · · , xm+1) ∈ Hnp(−r2)
}
.
Then, the following holds:
Theorem 3 ([9]). Up to isometry, an m-dimensional totally geodesic submanifold of an n-
dimensional pseudo-sphere Snp (r
2) is an open portion of pseudo m-subsphere. And, up to isome-
try, an m-dimensional totally geodesic submanifold of an n-dimensional pseudo-hyperbolic space
H
n
p(−r2) is an open portion of pseudo-hyperbolic m-subspace.
Here, we refer the classification of totally umbilical submanifolds in pseudo-Euclidean spaces.
Theorem 4 (M. A. Magid [21], S. S. Ahn, D. S. Kim, Y. H. Kim [1]). Let φ : Mms → Enp be
a totally umbilical isometric immersion. Then, it is congruent to an open portion of one of the
following submanifolds:
(1) a totally geodesic pseudo-Euclidean subspace Ems ⊂ Enp ;
(2) a pseudo m-sphere Sms (r
2) →֒ Em+1s ;
(3) a pseudo-hyperbolic m-space Hms (−r2) →֒ Em+1s+1 ;
(4) a flat marginally trapped submanifold Ums defined by
(17) Ems → Em+2s+1 ; x 7→
(
〈x, x〉s + 1
4
, x, 〈x, x〉s − 1
4
)
.
An isometric immersion φ :Mms →Mnp (ε) is called full if the image φ(M) is not contained in
any non-degenerate totally geodesic hypersurfaces in Mnp (ε).
Lemma 5 (Erbacher–Magid Reduction Theorem, [17], [21]). Let φ :Mms → Enp be an isometric
immersion. For each x ∈Mms , we define
(18) N0(x) := {ξ ∈ T⊥x M | Aξ = 0}
and define a first normal space as the orthogonal complement of N0(x), i.e.
(19) N1(x) = (N0(x))⊥.
If a normal subbundle N1 =
⋃
x∈M N
1(x) ⊂ T⊥M is parallel with respect to the normal con-
nection, then there exists a complete (m + k)-dimensional (possibly lightlike) totally geodesic
submanifold E∗ ⊂ Enp such that φ(M) ⊂ E∗, where k = rankN1.
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Lemma 6 (Corollary 3.1, [9]). Let φ : Mms → Snp(1) (resp. Hnp (1)) be an isometric immersion,
and ι : Snp (1)→ En+1p (resp. En+1p+1 ) be the canonical inclusion map. When we set a map f = ι◦φ,
the following hold:
(1) φ has parallel mean curvature vector if and only if f has parallel mean curvature vecor;
(2) φ is a parallel immersion if and only if f is a parallel immersion;
(3) φ is totally umbilical if and only if f is totally umbilical.
See Section 4 in this paper for the definition of parallel isometric immersions. The following
are main results in this paper.
Theorem 7. Let φ : Mms → Snp(1) be a full totally umbilical isometric immersion. Then, it is,
up to isometry, congruent to an open portion of one of the following:
(1) Sms (1)→ Sm+1s (1) ⊂ Snp(1) ; x 7→ (x, 0) (totally geodesic);
(2) Sms (1)→ Sm+1s+1 (1) ⊂ Snp(1) ; x 7→ (0, x) (totally geodesic);
(3) Sms
(
r2
)→ Sm+1s (1) ⊂ Snp(1) ; x 7→ (x,√1− r2) (0 < r < 1);
(4) Sms
(
r2
)→ Sm+1s+1 (1) ⊂ Snp(1) ; x 7→ (√r2 − 1, x) (r > 1);
(5) Sms (1)→ Sm+2s+1 (1) ⊂ Snp(1) ; x 7→ (1, x, 1);
(6) Hms
(−r2)→ Sm+1s+1 (1) ⊂ Snp(1) ; x 7→ (x,√1 + r2) (r > 0);
(7) Ems → Sm+1s+1 (1) ⊂ Snp(1) ; x 7→
(
〈x, x〉s − 3
4
, x, 〈x, x〉s − 5
4
)
.
Moreover, when Mms is geodesically complete, it globally coincides with one of the above.
Theorem 8. Let φ : Mms → Hnp (−1) be a full totally umbilical isometric immersion. Then, it
is, up to isometry, congruent to an open portion of one of the following:
(1) Hms (−1)→ Hm+1s (−1) ⊂ Hnp (−1) ; x 7→ (x, 0) (totally geodesic);
(2) Hms (−1)→ Hm+1s+1 (−1) ⊂ Hnp (−1) ; x 7→ (0, x) (totally geodesic);
(3) Hms
(−r2)→ Hm+1s+1 (−1) ⊂ Hnp(−1) ; x 7→ (√1− r2, x) (0 < r < 1);
(4) Hms
(−r2)→ Hm+1s (−1) ⊂ Hnp(−1) ; x 7→ (x,√r2 − 1) (r > 1);
(5) Hms (−1)→ Hm+2s+1 (−1) ⊂ Hnp (−1) ; x 7→ (1, x, 1);
(6) Sms
(
r2
)→ Hm+1s (−1) ⊂ Hnp(−1) ; x 7→ (√1 + r2, x) (r > 0);
(7) Ems → Hm+1s (−1) ⊂ Hnp (−1) ; x 7→
(
〈x, x〉s + 5
4
, x, 〈x, x〉s + 3
4
)
.
Moreover, when Mms is geodesically complete, it globally coincides with one of the above.
3. Proof of main results
As the argument is parallel, we give a proof in the case of pseudo-sphere. We assume that φ :
Mms → Snp(1) is a totally umbilical isometric immersion, and regard φ as a isometric immersion
into En+1p by using the inclusion mapping ι : S
n
p(1) →֒ En+1p . Then, f := ι ◦ φ : Mms → En+1p is
totally umbilical because of Lemma 6. When we set h˜ and H˜ as the second fundamental form
and the mean curvature vector field of f respectively, we have, for any X,Y ∈ Γ(TM),
(20) h˜(X,Y ) = 〈X,Y 〉pH˜.
In other words, when we set A˜ as the shape operator of f , we have
(21) A˜ξ(X) = 〈ξ, H˜〉pX
for any ξ ∈ Γ(T⊥M),X ∈ Γ(TM). From Lemma 5, there exists an (m+ 1)-dimensional totally
geodesic submanifold E∗ ⊂ En+1p such that f(M) ⊂ E∗. We see φ(M) ⊂ Snp(1) ∩ E∗. We
have only to check case by case of E∗. The possibility of E∗ is one of Em+1s ,E
m+1
s+1 ,Π
m+1
1,s,m−s or
Πm+11,s+1,m−s−1. Cohesively we use a formal notation s¯ ∈ {s, s+ 1}. Then, we have only to check
the two cases Em+1s¯ and Π
m+1
1,s¯,t , where s¯+ t = m.
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Here, we should take translations of E∗ into account. The direction of translations has to
transverse to E∗. When E∗ = Em+1s¯ , i.e. non-degenerate case, taking a vector v ∈ (E∗)⊥, we
have only to consider E∗ + v. When E∗ = Πm+11,s¯,t , i.e. degenerate case, (E
∗)⊥ is no longer a
complementary of E∗. From the view of lightlike geometry [4], we have decompositions
Πm+11,s¯,t = RadΠ
m+1
1,s¯,t ⊕ Ems¯ ,(22)
(Πm+11,s¯,t )
⊥ = trΠm+11,s¯,t ⊕ En−mp−s¯−1,(23)
E
n+1
p = Π
m+1
1,s¯,t ⊕ En−mp−s¯−1 ⊕ trΠm+11,s¯,t ,(24)
where
RadΠm+11s¯,t = SpanR{ξ := (1, 0, · · · , 0, 1) ∈ Πm+11,s¯,t },(25)
trΠm+11,s¯,t = SpanR
{
N :=
1
2
(−1, 0, · · · , 0, 1) ∈ (Πm+11,s¯,t )⊥
}
(26)
and ξ,N satisfy 〈ξ, ξ〉p = 〈N,N〉p = 0, 〈ξ,N〉p = 1. Under the above preparation, we consider
sequences of subspaces of En+1p ;
(27)
E
m+1
s¯ + vS ⊂ Em+2s¯ ⊂
⊂
E
m+1
s¯ ⊂ Em+1s¯ + vT ⊂ Em+2s¯+1 ⊂ En+1p ,
⊂
E
m+1
s¯ + vL ⊂ Em+3s¯+1 ⊂
(28)
Πm+11,s¯,m−s + vS ⊂ Em+3s¯+1
⊂ ⊂
⊂ Πm+11,s¯,m−s + vT ⊂ Em+3s¯+2 ⊂
Πm+11,s¯,m−s E
n+1
p ,
⊂ Πm+11,s¯,m−s + vL ⊂ Em+4s¯+2 ⊂
⊂ ⊂
Πm+11,s¯,m−s +N ⊂ Em+2s¯+1
where, by isometry of Snp (1), vS, vT , vL are given by
vS = (0, · · · , 0︸ ︷︷ ︸
s¯
, 0, · · · , 0, ρ) ∈ Em+2s¯ (ρ ≥ 0),(29)
vT = (ρ, 0, · · · , 0︸ ︷︷ ︸
s¯+1
, 0, · · · , 0) ∈ Em+2s¯+1 (ρ ≥ 0),(30)
vL = (1, 0, · · · , 0︸ ︷︷ ︸
s¯+1
, 0, · · · , 0, 1) ∈ Em+3s¯+1(31)
in the non-degenerate case (27),
vS = (0, 0, · · · , 0︸ ︷︷ ︸
s¯
, 0, · · · , 0, ρ, 0) ∈ Em+3s¯+1 (ρ ≥ 0),(32)
vT = (0, ρ, 0, · · · , 0︸ ︷︷ ︸
s¯+1
, 0, · · · , 0, 0) ∈ Em+3s¯+2 (ρ ≥ 0),(33)
vL = (0, 1, 0, · · · , 0︸ ︷︷ ︸
s¯+1
, 0, · · · , 0, 1, 0) ∈ Em+4s¯+2(34)
in the degenerate case (28). The proof is completed by checking the intersection of Snp (1) and
E∗ + v in each case (29)–(34). ✷
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4. Observations and Applications
4.1. Observation 1 : Riemannian or Lorentzian cases. We first restore the classification
of totally umbilical submanifolds in spheres and hyperbolic spaces, i.e. Riemannian case p = 0.
• Totally umbilical submanifolds of Sn(1):
(1) Sm(1)→ Sm+1(1) ; x 7→ (x, 0) (totally geodesic);
(2) Sm
(
r2
)→ Sm+1(1) ; x 7→ (x,√1− r2) (0 < r < 1).
• Totally umbilical submanifolds of Hn(−1):
(1) Hm(−1)→ Hm+1(−1) ; x 7→ (x, 0) (totally geodesic);
(2) Hm
(−r2)→ Hm+1(−1) ; x 7→ (x,√r2 − 1) (r > 1);
(3) Sm
(
r2
)→ Hm+1(−1) ; x 7→ (√1 + r2, x) (r > 0);
(4) Em → Hm+1(−1) ; x 7→
(
||x||2 + 5
4
, x, ||x||2 + 3
4
)
.
In de Sitter and anti-de Sitter spacetimes, i.e. Lorentzian case p = 1, we obtain the following:
• Totally umbilical submanifolds of dSn(1):
(1) dSm(1)→ dSm+1(1) ; x 7→ (x, 0) (totally geodesic);
(2) Sm(1)→ dSm+1(1) ; x 7→ (0, x) (totally geodesic);
(3) dSm
(
r2
)→ dSm+1(1) ; x 7→ (x,√1− r2) (0 < r < 1);
(4) Sm
(
r2
)→ dSm+1(1) ; x 7→ (√r2 − 1, x) (r > 1);
(5) Sm(1)→ dSm+2(1) ; x 7→ (1, x, 1);
(6) Hm
(−r2)→ dSm+1(1) ; x 7→ (x,√1 + r2) (r > 0);
(7) Em → dSm+1(1) ; x 7→
(
||x||2 − 3
4
, x, ||x||2 − 5
4
)
.
• Totally umbilical submanifolds of AdSn(−1):
(1) Hm(−1)→ AdSm+1(−1) ; x 7→ (x, 0) (totally geodesic);
(2) AdSm(−1)→ AdSm+1(−1) ; x 7→ (0, x) (totally geodesic);
(3) Hm
(−r2)→ AdSm+1(−1) ; x 7→ (√1− r2, x) (0 < r < 1);
(4) AdSm(−r2)→ AdSm+1(−1) ; x 7→ (x,√r2 − 1) (r > 1);
(5) Hm(−1)→ AdSm+2(−1) ; x 7→ (1, x, 1);
(6) dSm
(
r2
)→ AdSm+1(−1) ; x 7→ (√1 + r2, x) (r > 0);
(7) Lm → AdSm+1(−1) ; x 7→
(
〈x, x〉1 + 5
4
, x, 〈x, x〉1 + 3
4
)
.
Remark that || · || is the canonical Euclidean norm of Em.
4.2. Observation 2 : Totally umbilical lightlike submanifolds. We obtain the following
lightlike submanifolds in non-flat space forms in the proof of the main theorem.
Proposition 9. Let m ≥ 2. The following all give full totally umbilical lightlike submanifolds
in a pseudo-sphere Snp (1).
(1) Sm−1s (1)× E0,0,1 → Sm+1s+1 (1) ; (x, t) 7→ (t, x, t),
(2) Sm−1s (r
2)× E0,0,1 → Sm+2s+1 (1) ; (x, t) 7→ (t, x,
√
1− r2, t) (0 < r < 1),
(3) Sm−1s (r
2)× E0,0,1 → Sm+2s+2 (1) ; (x, t) 7→ (t,
√
r2 − 1, x, t) (r > 1),
(4) Hm−1s (−r2)× E0,0,1 → Sm+2s+1 (1) ; (x, t) 7→ (t, x,
√
1 + r2, t) (r > 0),
(5) Λms → Sm+1s+1 (1) ; x 7→ (x, 1),
(6) Λms × E0,0,1 → Sm+2s+2 (1) ; (x, t) 7→ (t, x, 1, t),
(7) Sm−1s (1)× E0,0,1 → Sm+3s+2 (1) ; (x, t) 7→ (t, 1, x, 1, t).
We remark that the above (6) is 2-lightlike, and others are 1-lightlike. Moreover, the above (1)
is totally geodesic.
Proposition 10. Let m ≥ 2. The following all give full totally umbilical lightlike submanifolds
in a pseudo-hyperbolic space Hnp(−1).
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(1) Hm−1s (−1)× E0,0,1 → Hm+1s+1 (−1) ; (x, t) 7→ (t, x, t),
(2) Hm−1s (−r2)× E0,0,1 → Hm+2s+1 (−1) ; (x, t) 7→ (t,
√
1− r2, x, t) (0 < r < 1),
(3) Hm−1s (−r2)× E0,0,1 → Hm+2s+2 (−1) ; (x, t) 7→ (t, x,
√
r2 − 1, t) (r > 1),
(4) Sm−1s (r
2)× E0,0,1 → Hm+2s+1 (−1) ; (x, t) 7→ (t,
√
1 + r2, x, t) (r > 0),
(5) Λms → Hm+1s+1 (−1) ; x 7→ (1, x),
(6) Λms × E0,0,1 → Hm+2s+2 (−1) ; (x, t) 7→ (t, 1, x, t),
(7) Hm−1s (1)× E0,0,1 → Hm+3s+2 (−1) ; (x, t) 7→ (t, 1, x, 1, t).
We remark that the above (6) is 2-lightlike, and others are 1-lightlike. Moreover, the above (1)
is totally geodesic.
A classification problem of totally umbilical lightlike submanifolds in pseudo-Riemannin space
forms is open.
We will observe co-dimension two totally umbilical submanifolds in Theorem 4, 7 and 8.
When we define a hyperplane in Em+2s+1 by
(35) Nm+1(0) :=
{(
t+
1
4
, x, t− 1
4
)
∈ Em+2s+1 | t ∈ R, x ∈ Ems
}
∼= Es,m−s,1.
This is a totally geodesic 1-lightlike hypersurface in Em+2s+1 . We can regard U
m
s as a hypersurface
in Nm+1(0) by
(36) Ems ∋ x 7→
(
〈x, x〉s + 1
4
, x, 〈x, x〉s − 1
4
)
∈ Nm+1(0) ⊂ Em+2s+1 .
In addition, we can also regard as a hypersurface in the lightcone Λm+1s by
(37) Ems ∋ x 7→
(
〈x, x〉s + 1
4
, x, 〈x, x〉s − 1
4
)
∈ Λm+1s ⊂ Em+2s+1 .
Here set ε = ±1. A hypersurface in Mm+2s+1 (ε) defined by
(38) Nm+1(ε) := {(t, x, t) ∈Mm+2s+1 (ε) | t ∈ R, x ∈Mms (ε)}
is a totally geodesic 1-lightlike hypersurface in Mm+2s+1 (ε). For the co-dimension two totally
umbilical isometric immersions, say ψ, in Theorem 7 and 8, we can regard ψ as a hypersurface
in Nm+1(1), i.e.
(39) ψ : Mms (ε) ∋ x 7→ (1, x, 1) ∈ Nm+1(ε) ⊂Mm+2s+1 (ε).
This is the analogue of the consideration of the formula (36).
From Proposition 9 and 10, isometric embeddings of Λm+1s into M
m+2
s+1 (ε)
(40) χ : Λm+1s →Mm+2s+1 (ε) ;
{
x 7→ (x, 1) (ε = 1),
x 7→ (1, x) (ε = −1)
are totally umbilical 1-lightlike hypersurfaces. On the other hand, non-flat space forms Mms (ε)
are isometrically embedded in the lightcone Λm+1s as follow
(41) ρ : Mms (ε)→ Λm+1s ;
{
x 7→ (1, x) (ε = 1),
x 7→ (x, 1) (ε = −1).
For ψ, we can see there exists a nested structure of space forms via the lightcone
(42) ψ = χ ◦ ρ : Mms (ε)
ρ→֒ Λm+1s
χ→֒Mm+2s+1 (ε) ; x 7→ (1, x, 1).
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4.3. Application 1 : The moduli space of isometric immersions. LetMms , M¯
n
p be pseudo-
Riemannian manifolds. We define a mapping space
(43) {φ ∈ C∞(M,M¯ ) | φ : isometric immersion},
where C∞(M,M¯ ) denotes the set of all smooth mapping from M into M¯ . We introduce the
compact open C∞-topology in the set and consider it as a topological space. We call the
quotient space of this mapping space by the action of the isometric group of M¯np the moduli
space for isometric immersions φ : M → M¯ , denoted by M(M,M¯ ). And, we shall denote the
moduli space of totally umbilical isometric immersions by Mumb(M,M¯ ). It is obvious that
Mumb(M,M¯ ) ⊂M(M,M¯ ).
Proposition 11. Let ε = 0,±1, then it holds
(44) Mumb
(
M
m
s (ε),M
n
p (ε)
) homeo.∼=
{
{∗} (n = m+ 1, p = s, s+ 1, or n = m+ 2, p = s) ,
(X,OX ) (n ≥ m+ 2, p ≥ s+ 1) ,
where a topological space (X,OX ) is defined by
(45) X := {g, u}, OX := {∅, {u},X}.
We easily see that the space X is connected, non-Hausdorff. In addition, we express elements
g, u ∈ X the totally geodesic point and the non-totally geodesic totally umbilical point respec-
tively.
Proof. From Theorem 4, 7 and 8, the set Mumb
(
M
m
s (ε),M
n
p (ε)
)
is a one-point set when n =
m + 1, p = s, s + 1 or n = m + 2, p = s, and a two-point set when n ≥ m + 2, p ≥ s + 1. We
consider the following isometric immersions, for each a ∈ R,
ψa : M
m
s (ε)→Mm+2s+1 (ε) ; x 7→ (a, x, a) (ε = ±1),(46)
ψa : M
m
s (ε)→Mm+2s+1 (ε) ; x 7→ (a〈x, x〉s, x, a〈x, x〉s) (ε = 0)(47)
are congruent to ψ1 if a 6= 0, and a totally geodesic isometric immersion ψ0 if a = 0. On the
other hand, it is obvious that
(48) lim
a→0
ψa = ψ0.
Therefore, Mumb
(
M
m
s (ε),M
n
p (ε)
)
is not a discrete space. Since mean curvature vector fields
H0 and H1 of ψ0, ψ1 entirely satisfy H0 = 0 (closed condition) and H1 6= 0 (open condition)
respectively, we obtain the conclusion. The same argument is run for other flat or negative
constant cases. ✷
Corollary 12. Let n ≥ m+2, p ≥ s+1, then the moduli space of isometric immerisons between
space forms which are of the same constant curvature
(49) M (Mms (ε),Mnp (ε))
is a non-Hausdorff space.
4.4. Application 2 : Parallel submanifolds. An isometric immersion φ is called substantial if
it is not contained in any non-degenerate totally umbilical submanifolds in Mnp (ε). By definition,
if φ is substantial, then φ is full.
Here, we define two additional classes of submanifolds. Let M and M¯ be pseudo-Riemannian
manifolds, and φ : M → M¯ be an isometric immersion. We call the immersion φ parallel if
the covariant derivative of the second fundamental form h of φ vanishes identically, i.e. for any
X,Y,Z ∈ Γ(TM),
(50) (∇˜Xh)(Y,Z) := ∇⊥Xh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ) = 0,
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where ∇,∇⊥ are Levi–Civita and normal connection respectively. We call the immersion φ
symmetric if, for each x ∈M , there exists an isometry gx ∈ Isom(M), g¯x ∈ Isom(M¯) such that
(51) gx(x) = x, g¯x ◦ φ = φ ◦ gx, (g¯x)∗φ∗X = −φ∗X , (g¯x)∗(ξ) = ξ,
where X ∈ TxM and ξ ∈ T⊥x M . When the above conditions are local, i.e. for each x ∈ M ,
gx and g¯x are local isometries, we call φ locally symmetric. When an isometric immersion
φ : M → M¯ is parallel or (locally) symmetric, we call the image φ(M) a parallel or (locally)
symmetric submanifold in M¯ respectively.
When an ambient space M¯ is a pseudo-Riemannian space form, a submanifold M of M¯ is
parallel if and only if it is locally symmetric. Moreover, M is complete parallel if and only if
symmetric [6].
Lemma 13. Let M ′ and M¯ be pseudo-Riemannian space forms, and let φ : M → M ′ and
ψ : M ′ → M¯ be isometric immersions. We assume that ψ is totally umbilical, that is, M ′ is
embedded as a totally umbilical submanifold in M¯ . Then, φ is parallel if and only if ψ ◦ φ is
parallel.
Proof. In Riemannian case, refer [5, Lemma 3.7.5]. The proof is also the same argument since
totally umbilical submanifolds in pseudo-Riemannian space forms are of parallel mean curvature
vector fields. ✷
Proposition 14. Let φ : Mms → Snp (1) be a substantial isometric immersion, and ψ : Snp(1) →
S
n+2
p+1(1) be a totally umbilical isometric immersion defined by
(52) ψ(x) = (1, x, 1) ∈ Sn+2p+1(1) (x ∈ Snp(1)).
Then, the composition ψ ◦φ :Mms → Sn+2p+1(1) is full parallel isometric immersion. In particular,
let ι be the totally geodesic inclusion
(53) ι(x) = (0, x, 0) ∈ Sn+2p+1 (1) (x ∈ Snp(1)).
Then, ψ ◦ φ is not congruent to ι ◦ φ in Sn+2p+1(1).
Remark 15. Proposition 14 is valid when the ambient space is pseudo-hyperbolic space Hnp (−1).
In case of parallel spatial surfaces, this construction is known in [8, (C) of Theorem 9.1 and
Theorem 10.1].
For example, let G and K be a Lie group and its closed Lie subgroup respectively, and
G/K be an irreducible indefinite symmetric R-space such as indefinite Grassmann manifolds,
indefinite orthogonal groups and complex spheres etc [6, 23]. Let f : G/K → En+1p be a
standard embedding. Then, by scaling of the metric, f(G/K) is a minimal submanifold of Snp (1)
or Hnp−1(−1). When we let ψ be the full co-dimension two totally umbilical isometric embedding,
and consider the composition ψ ◦ f , it is a full complete parallel isometric embedding in Sn+2p+1 (1)
or Hn+2p (−1) by using Proposition 14. However, its mean curvature vector field H of ψ ◦f is not
zero and satisfies 〈H,H〉p+1 = 0. Namely, ψ ◦ f is a marginally trapped isometric immersion.
On the other hand, a full parallel, minimal isometric immersion of an irreducible Riemannian
symmetric R-space into an unit sphere is rigid, i.e. it is congruent to a standard embedding.
However, in the indefinite case, there exist full parallel, marginally trapped isometric immersions
of irreducible indefinite symmetric R-spaces into unit pseudo-spheres which are not congruent
to standard embeddings. See also Blomstrom’s rigidity theorem [6, Theorem 3].
B. Y. Chen et al. classified Riemannian and Lorentzian parallel surfaces in pseudo-Riemannian
space forms. In [9], he commented that the explicit classifications of parallel submanifolds in
pseudo-Riemannian space forms are much more complicated than that of Riemannian situations.
In fact, it is known that there exist 24 families and 53 families of parallel Lorentzian surfaces
in neutral space forms S42(1) and H
4
2(−1) respectively. Some of these surfaces are full but not
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substantial. Regarding Riemannian parallel surfaces in Snp (1), we see in [11] the following flat
complete parallel surfaces
(54) f : E2 ∋ (u, v) 7→
(
v2 + a2 − 3
4
, a cos u, a sinu, v, v2 + a2 − 5
4
)
(a > 0).
This parallel surface is full but not substantial. Actually, we set
φ : E3 ∋ (x, y, z) 7→
(
x2 + y2 + z2 − 3
4
, x, y, z, x2 + y2 + z2 − 5
4
)
∈ S41(1),(55)
ψ : E2 ∋ (u, v) 7→ (a cos u, a sinu, v) ∈ E3 (a > 0).(56)
Then, when we consider the composition of (55) and (56), we see φ ◦ ψ = f . Since the surface
(55) is totally umbilical, f is full but not substantial.
In the same way, substantial parallel submanifolds in Enp or S
n
p(1) induce full parallel ones in
S
n+1
p+1(1) and S
n+2
p+1 (1) respectively. A classification of full parallel submanifolds may be difficult,
but a classification of substantial ones may be possible. As further references, see also [23, 6,
20, 18, 19].
Acknowledgment
The author would like to express his deepest gratitude to his advisor, Professor Takashi Sakai
for valuable comments advices.
References
[1] S. S. Ahn, D. S. Kim and Y. H. Kim, Totally umbilical Lorentzian submanifolds, J. Korean Math. Soc. 33
(1996), 507–512.
[2] K. Akutagawa, On spacelike hypersurfaces with constant mean curvature in the de Sitter space, Math. Z. 196
(1987), 13–19.
[3] H. Anciaux, Minimal submanifolds in pseudo-Riemannian geometry, World Scientific (2011).
[4] A. Bejancu and K. L. Duggal, Lightlike submanifolds of semi-Riemannian manifolds and applications, Kluwer
Academic Publishers (1996).
[5] J. Berndt, S. Console and C. Olmos, Submanifolds and holonomy, CHAPMAN and HALL/CRC Research
Notes in Mathematics 434 (2003).
[6] C. Blomstrom, Symmetric immersions in pseudo-Riemannian space forms, in: Global Differential Geometry
and Global Analysis, in: Lecture Notes in Math., vol. 1156, Springer, Berlin, 1985, pp. 30–45.
[7] B. Y. Chen, Classification of totally umbilical submanifolds in symmetric spaces, J. Austral. Math. Soc.
(Series A) 30 (1980), 129–136.
[8] B. Y. Chen, Complete classification of parallel spatial surfaces in pseudo-Riemannian space forms with arbi-
trary index and dimension, J. Geom. Phys. 60 (2010), 260–280.
[9] B. Y. Chen, Pseudo-Riemannian geometry, δ-invariants and applications, World Scientific, (2011).
[10] B. Y. Chen and J. Van der Veken, Complete classification of parallel surfaces in 4-dimensional Lorentzian
space forms, Tohoku Math. J. 61 (2009), 1–40.
[11] B. Y. Chen and P. Verheyen, Totally umbilical submanifolds in irreducible symmetric spaces, J. Austral.
Math. Soc. (Series A) 32 (1982), 332–338.
[12] Q. M. Cheng, Complete spacelike submanifolds in a de Sitter space with parallel mean curvature vector, Math.
Z. 206(1) (1991), 333–339.
[13] Q. M. Cheng and H. Nakagawa, Totally umbilic hypersurfaces, Hiroshima Math. J. 20 (1990), 1–10.
[14] M. Dajczer and S. Fornari, Isometric immersions between indefinite Riemannian spheres, Yokohama Math. J.
35 (1987), 61–69.
[15] M. Dajczer and L. Rodriguez, Rigidity of codimension two indefinite spheres, Geom. Dedicata 34 (1990),
243–248.
[16] K. L. Duggal and D. H. Jin, Totally umbilical lightlike submanifolds, Kodai Math. J. 26 (2003), no. 1, 49–68.
[17] J. Erbacher, Reduction of the codimension of an isometric immersion, J. Differential Geom. 10, 253–276,
(1975).
[18] I. Kath, Extrinsic symmetric spaces I, J. reine angew. Math. (Crelles Journal) 655 (2011), 105–127.
[19] I. Kath, Extrinsic symmetric spaces II, J. reine angew. Math. (Crelles Journal) 672 (2012), 89–125.
[20] I. Kath, Semisimplicity of indefinite extrinsic symmetric spaces and mean curvature, Abh. Math. Semin.
Univ. Hambg. 82 (2012), 121–127.
12 Y. SATO
[21] M. A. Magid, Isometric immersions of Lorentz space with parallel second fundamental forms, Tsukuba J.
Math. 8 (1982), 31–54.
[22] B. Mendonc¸a and R. Tojeiro, Umbilical submanifolds of Sn × R, Canadian J. Math. 66(2) (2014), 400–428.
[23] H. Naitoh, Pseudo-Riemannian symmetric R-spaces, Osaka J. Math. 21 (1984), 733–764.
[24] J. Orjuela and R. Tojeiro, Umbilical surfaces of products of space forms, Tohoku Math. J. 68(3) (2016),
471–486.
[25] H. Sachs, Isotrope Geometrie des Raumes, Vieweg, Braunschewig/Wiesbaden (1990).
[26] R. Souam and E. Toubiana, Totally umbilic surfaces in homogeneous 3-manifolds, Comment. Math. Helv.
84(3) (2009), 673–704.
[27] O. C. Stoica, On singular semi-Riemannian manifolds, Int. J. Geom. Methods Mod. Phys. 11, (2014), no. 5,
1450041.
[28] D. Yang and L. Li, Spacelike submanifolds with parallel mean curvature vector in Sn+pq (1), Math. Notes, 100
(2016), no. 2, 298–308.
Department of Mathematical Sciences, Tokyo Metropolitan University, Minami-Osawa 1-1, Ha-
chioji, Tokyo, 192-0397, Japan.
E-mail address: satou-yuuichirou@ed.tmu.ac.jp
